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Four Prototypical Trajectories

“Those who are able to 
represent what they do not 
know make better decisions”

- CS109



Four Prototypical Trajectories

Finishing up Expectation



Conditional Expectation Functions

E[X]
<latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit>

E[X|Y = y]
<latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit>

E[X = 5]
<latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit>

Doesn’t make sense. Take expectation of random 
variables, not events

This is a number:

This is a function of rv Y:



Law of Total Expectation

E[X] =
X

y

E[X|Y = y]P (Y = y)
<latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit>

For any random variable X and any 
discrete random variable Y 



int Recurse() {
int x = randomInt(1, 3);  // Equally likely values

if (x == 1) return 3;
else if (x == 2) return (5 + Recurse());
else return (7 + Recurse());

}

• Let Y = value returned by Recurse().   What is E[Y]?
)3(]3|[)2(]2|[)1(]1|[][ ==+==+=== XPXYEXPXYEXPXYEYE

3]1|[ ==XYE
][5]5[]2|[ YEYEXYE +=+==
][7]7[]3|[ YEYEXYE +=+==

])[215)(3/1()3/1])([7()3/1])([5()3/1(3][ YEYEYEYE +=++++=
15][ =YE

Analyzing Recursive Code



Four Prototypical Trajectories

Today we are going to learn 
something unintuitive, beautiful and 

useful



Four Prototypical Trajectories

Review



Piech, CS106A, Stanford University

Conditioning with a 
continuous random 

variable is odd at first. But 
then it gets fun. 

Its like snorkeling…



• Let X be continuous random variable
• Let E be an event:

Continuous Conditional Distributions

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

=
fX(x|E)P (E)✏x

fX(x)✏x



• Let X be a measure of time to answer a question
• Let E be the event that the user is a human:

Continuous Conditional Distributions

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

P (E|X = x) =
P (X = x,E)

P (X = x)

=
P (X = x|E)P (E)

P (X = x)

=
fX(x|E)P (E)@x

fX(x)@x

=
fX(x|E)P (E)

fX(x)

=
fX(x|E)P (E)✏x

fX(x)✏x



Piech, CS106A, Stanford University

• Let X be a measure of time to answer a question
• Let E be the event that the user is a human
• What if you don’t know normalization term?:

Biometric Keystroke

P (E|X = x)

P (EC |X = x)
=

fX(x|E)P (E)
fX(x)

fX(x|EC)P (EC)
fX(x)

=
fX(x|E)P (E)

fX(x|EC)P (EC)

P (E|X = x) =
fX(x|E)P (E)

fX(x)

Normal pdf Prior

???



Four Prototypical Trajectories

End Review



Lets play a game
Roll a dice twice. If either time you roll a 6, I win. 

Otherwise you win. 

P (W ) =
⇣5
6

⌘2
⇡ 0.69
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Flip a Coin With Unknown Probability
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We are going to think of 
probabilities as random 

variables!!!



• Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads

Flip a Coin With Unknown Probability

Frequentist Bayesian

X = lim
n+m!1

n

n+m

⇡ n

n+m

fX|N (x|n) =
P (N = n|X = x)fX(x)

P (N = n)

X is a single value X is a random variable



Four Prototypical Trajectories

What is your belief that you
successfully roll a 6 on my die?



• Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)

§ Let N = number of heads

§ Given X = x, coin flips independent: (N | X) ~ Bin(n + m, x)

Flip a Coin With Unknown Probability

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

Bayesian
“posterior” 
probability 
distribution

Bayesian “prior”
probability 
distribution
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1

Binomial Move terms around
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If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 
n “successes” and 
m “failures”…

Your new belief about the probability is:

c =

Z 1

0
xn(1� x)m
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1
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· xn(1� x)m
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Flip a Coin With Unknown Probability

where
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Belief after 7 “success” and 1 “fail”

n = 7 m = 1

fX(x) =
1

c
· xn(1� x)m
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If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

Equivalently

where c =

Z 1

0
xa�1(1� x)b�1
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• X is a Beta Random Variable: X ~ Beta(a, b)
§ Probability Density Function (PDF):      (where a, b > 0)

where 

§ Symmetric when a = b

§
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Beta Random Variable



Meta Beta

Used to represent a 
distributed belief of a probability



Piech, CS106A, Stanford University

Beta is a distribution for 
probabilities



Piech, CS106A, Stanford University

Beta Parameters can
come from experiments:

a = “successes” + 1
b = “failures” + 1



• Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)

§ Let N = number of heads

§ Given X = x, coin flips independent: (N | X) ~ Bin(n + m, x)

Back to flipping coins
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• X | (N = n, M = m) ~ Beta(a = n + 1, b = m + 1)
§ Prior X ~ Uni(0, 1)

§ Check this out, boss:
o Beta(a = 1, b = 1) =?

o Beta(a = 1, b = 1) = Uni(0, 1)

§ So, prior X ~ Beta(a = 1, b = 1)
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Understanding Beta

N successes
M failures



If the Prior was a Beta…

fX(x) =
1

B(a, b)
xa�1(1� x)b�1

If our prior belief about X was beta

What is our posterior belief about X after observing n heads 
(and m tails)?

f(X = x|N = n) = ???

f(X = x)

X is our random variable for probability



If the Prior was a Beta…
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§ If “Prior” distribution of X (before seeing flips) is Beta

§ Then “Posterior” distribution of X (after flips) is Beta

• Beta is a conjugate distribution for Beta
§ Prior and posterior parametric forms are the same! 
§ Practically, conjugate means easy update:

o Add number of “heads” and “tails” seen to Beta parameters

Understanding Beta



• Can set X ~ Beta(a, b) as prior to reflect how 
biased you think coin is apriori
§ This is a subjective probability!
§ Prior probability for X based on seeing (a + b – 2) 

“imaginary” trials, where 
(a – 1) of them were heads.
(b – 1) of them were tails.

§ Beta(1, 1) = Uni(0, 1)  à we haven’t seen any 
“imaginary trials”, so apriori know nothing about coin

• Update to get posterior probability
§ X | (n heads and m tails) ~ Beta(a + n, b + m)

Further Understanding Beta



Enchanted Die

Let X be the probability of rolling a “6” 
on Chris’ die.

Prior: Imagine 5 die rolls where 
only showed up as a “6”

What is the updated probability density 
function of X after our observations?

Observation: Roll it a few times…



Check out Demo!



Four Prototypical Trajectories

Damn



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Frequentist:

p ⇡ 14

20
= 0.7

<latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit>



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Prior:

X ⇠ Beta(a = 81, b = 21)
<latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit>

X ⇠ Beta(a = 9, b = 3)
<latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit>

80 successes / 100 trials

Interpretation:

8 successes / 10 trials

4 successes / 5 trials

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

Prior:
Posterior:

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

X ⇠ Beta(a = 5 + 14, b = 2 + 6)

⇠ Beta(a = 19, b = 8)
<latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit>

Prior

Posterior
E[X] =

a

a+ b
=

19

19 + 8
⇡ 0.70

<latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

m
od
e



Four Prototypical Trajectories

Next level?



Four Prototypical Trajectories

Alpha GO mixed deep learning and 
core reasoning under uncertainty



Multi Armed Bandit



Multi Armed Bandit

Drug A Drug B

Which one do you give to a patient?



Lets Play!

Drug A Drug B

Which one do you give to a patient?



Lets Play!



You try drug B, 5 times. It is successful 2 times.
If you had a uniform prior, what is your posterior belief about 

the likelihood of success?

2 successes
3 failures

Optimal Decision Making



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

Optimal Decision Making

What is expectation of X?



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

Optimal Decision Making

What is the probability that X > 0.6

Wait what? Chris are you holding out on me?

stats.beta.cdf(x, a, b)



Challenge for you

Send me your strategies sometime before Friday



Four Prototypical Trajectories

Beta: 
The probability density 

for probabilities



Piech, CS106A, Stanford University

Beta is a distribution for 
probabilities



Piech, CS106A, Stanford University

If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

Beta Distribution

where c =

Z 1

0
xa�1(1� x)b�1

<latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit>

fX(x) =
1

c
· xa�1(1� x)b�1

<latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit>



Piech, CS106A, Stanford University

Any parameter for a 
“parameterized” random 

variable can be thought of 
as a random variable.

X ⇠ N(µ,�2)
<latexit sha1_base64="Dqn/STu5MOWgk9QIc9aRMmpIsks=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCBWkJEWwy4IbV1LBXqCJZTKdtENnkjAzEUroxldx40IRtz6GO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQ9rbcfqVQsju71OKG+wIOIhYxgbayefdxBnmIC3ZY9kV5MeSDwQ/W8Z5ecijMTWgY3hxLkavTsL68fk1TQSBOOleq6TqL9DEvNCKeTopcqmmAywgPaNRhhQZWfzQ6YoDPj9FEYS/MijWbu74kMC6XGIjCdAuuhWqxNzf9q3VSHNT9jUZJqGpH5ojDlSMdomgbqM0mJ5mMDmEhm/orIEEtMtMmsaEJwF09ehla14joV9+6yVK/lcRTgBE6hDC5cQR1uoAFNIDCBZ3iFN+vJerHerY9564qVzxzBH1mfP1eLlOo=</latexit><latexit sha1_base64="Dqn/STu5MOWgk9QIc9aRMmpIsks=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCBWkJEWwy4IbV1LBXqCJZTKdtENnkjAzEUroxldx40IRtz6GO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQ9rbcfqVQsju71OKG+wIOIhYxgbayefdxBnmIC3ZY9kV5MeSDwQ/W8Z5ecijMTWgY3hxLkavTsL68fk1TQSBOOleq6TqL9DEvNCKeTopcqmmAywgPaNRhhQZWfzQ6YoDPj9FEYS/MijWbu74kMC6XGIjCdAuuhWqxNzf9q3VSHNT9jUZJqGpH5ojDlSMdomgbqM0mJ5mMDmEhm/orIEEtMtMmsaEJwF09ehla14joV9+6yVK/lcRTgBE6hDC5cQR1uoAFNIDCBZ3iFN+vJerHerY9564qVzxzBH1mfP1eLlOo=</latexit><latexit sha1_base64="Dqn/STu5MOWgk9QIc9aRMmpIsks=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCBWkJEWwy4IbV1LBXqCJZTKdtENnkjAzEUroxldx40IRtz6GO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQ9rbcfqVQsju71OKG+wIOIhYxgbayefdxBnmIC3ZY9kV5MeSDwQ/W8Z5ecijMTWgY3hxLkavTsL68fk1TQSBOOleq6TqL9DEvNCKeTopcqmmAywgPaNRhhQZWfzQ6YoDPj9FEYS/MijWbu74kMC6XGIjCdAuuhWqxNzf9q3VSHNT9jUZJqGpH5ojDlSMdomgbqM0mJ5mMDmEhm/orIEEtMtMmsaEJwF09ehla14joV9+6yVK/lcRTgBE6hDC5cQR1uoAFNIDCBZ3iFN+vJerHerY9564qVzxzBH1mfP1eLlOo=</latexit><latexit sha1_base64="Dqn/STu5MOWgk9QIc9aRMmpIsks=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCBWkJEWwy4IbV1LBXqCJZTKdtENnkjAzEUroxldx40IRtz6GO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQ9rbcfqVQsju71OKG+wIOIhYxgbayefdxBnmIC3ZY9kV5MeSDwQ/W8Z5ecijMTWgY3hxLkavTsL68fk1TQSBOOleq6TqL9DEvNCKeTopcqmmAywgPaNRhhQZWfzQ6YoDPj9FEYS/MijWbu74kMC6XGIjCdAuuhWqxNzf9q3VSHNT9jUZJqGpH5ojDlSMdomgbqM0mJ5mMDmEhm/orIEEtMtMmsaEJwF09ehla14joV9+6yVK/lcRTgBE6hDC5cQR1uoAFNIDCBZ3iFN+vJerHerY9564qVzxzBH1mfP1eLlOo=</latexit>
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Four Prototypical Trajectories

That’s all!


